After results by the author (1980, 1981), and by Vinberg (1981) , finiteness of the number of maximal arithmetic reflection groups in Lobachevsky spaces was not known in dimensions 2 ≤ n ≤ 9 only.
Introduction
There are three types of simply-connected Riemannian manifolds of the constant curvature: Riemann sphere, Euclidean space and Lobachevsky (hyperbolic) space. Discrete reflection groups (i. e. groups generated by reflections in hyperplanes) in simply-connected Riemannian manifolds of the constant curvature were defined by H.S.M. Coxeter. He classified these groups in Riemann sphere and Euclidean space. See [2] .
There are two types of discrete reflection groups with fundamental domain of finite volume in Lobachevsky spaces: arithmetic and general. The subject of this paper is finiteness of the number of maximal arithmetic reflection groups in Lobachevsky spaces (we assume that the curvature is −1).
First, we remind known results about classification of arithmetic reflection groups in Lobachevsky spaces.
In [7] ,È.B. Vinberg (1967) gave the criterion of arithmeticity of a discrete reflection group in Lobachevsky spaces in terms of its fundamental chamber. In particular, he introduced the notion of the ground field of this group. This is a purely real algebraic number field of finite degree over Q. An arithmetic reflection group is a subgroup of finite index of the automorphism group of a hyperbolic quadratic form over the ring of integers of this field. Thus, there are two very important integer parameters related to the arithmetic reflection group: n ≥ 2 which is the dimension of the Lobachevsky space, and N ≥ 1 which is the degree of the ground field over Q.
In [4] , the author proved (1980) that the number of maximal arithmetic reflection groups is finite for the fixed parameters n and N . Moreover, the number of ground fields of the fixed degree N is also finite.
In [5] , the author proved (1981) that there exists a constant N 0 such that, the dimension n ≤ 9 if the degree N ≥ N 0 . Thus, the number of maximal arithmetic reflection groups is finite in each dimension n ≥ 10 of Lobachevsky space.
Later, in [8] , [9] ,È.B. Vinberg found a beautiful development of the method of bounding the dimension n for large degree N , suggested in [5] .È.B. Vinberg proved (1981) that the dimension n ≤ 30. Thus, the number of maximal arithmetic reflection groups is finite in all dimensions n ≥ 10.
Thus, to finish the proof of finiteness of arithmetic reflection groups in Lobachevsky spaces, it was only remaining to prove that the degree N of the ground field is bounded in dimensions 2 ≤ n ≤ 9 of Lobachevsky spaces.
See reports [10] byÈ.B. Vinberg (1983) and [6] by the author (1986) in ICM meetings about these results.
There was no progress during almost 25 years, but recently some new important results were obtained.
In [3] , D.D. Long, C. Maclachlan, A.W. Reid proved (2005) that the number of maximal arithmetic reflection groups is finite in dimension n = 2. More generally, they proved finiteness of the number of maximal arithmetic Fuchsian groups.
In [1] , I. Agol proved (2005) that the number of maximal arithmetic reflection groups is finite in dimension n = 3.
Thus, after all these results, finiteness of the number of maximal arithmetic reflection groups is not proved only in dimensions 4 ≤ n ≤ 9.
The purpose of this short note is to show that the authors methods from [4] and [5] are very sufficient to deduce that in a few lines using the above results in dimension n = 2 and n = 3.
More exactly, we show that if the number of maximal arithmetic reflection groups is finite in dimensions 2 and 3, then, applying methods and results of [4] and [5] , we can bound the degree of the ground field in dimensions 4 ≤ n ≤ 9. By [4] , it follows finiteness of the number of maximal arithmetic reflection groups in these dimensions.
2 Finiteness of the number of maximal arithmetic reflection groups in Lobachevsky spaces of dimensions 4 ≤ n ≤ 9
Here we prove Theorem 2.1. In dimensions 4 ≤ n ≤ 9 of Lobachevsky spaces, the degree of the ground fields of arithmetic reflection groups is absolutely bounded.
Proof. We use notations and results of [4] and [5] . We consider the induction by the dimension n of Lobachevsky space. For n = 2, the number of maximal arithmetic reflection groups is finite by [3] .
For n = 3, the number of maximal arithmetic reflection groups is finite by [1] .
Let us assume that the number of maximal arithmetic reflection groups is finite in all dimensions ≤ n − 1 of Lobachevsky spaces where n ≥ 4. Let us prove this for n.
Let G be an arithmetic reflection group in Lobachevsky space of dimension n. Let M be the fundamental chamber of G. It is well-known that M is bounded if the ground field is different from Q. Thus, we can assume that M is bounded. Let P (M) be the set of all vectors with square −2 which are perpendicular to codimension one faces of M and directed outwards. Further H δ , δ ∈ P (M), denotes the hyperplane containing the codimension one face of M which is perpendicular to δ ∈ P (M).
Following to [4] and [5] , let us take a codimension one face H e ∩ M, e ∈ P (M), of M which has minimality 14 (it defines the narrow part of M) (see Sect. 2 in §4 of [5] ). We denote by P (M, e) the set of all δ ∈ P (M) such that the hyperplane H δ intersects the hyperplane H e (it is well-known that then H e ∩ H δ ∩ M is the codimension two face of M if δ = e). Since H e ∩ M has the minimality 14, we have
If H δ ⊥ H e for any δ ∈ P (M, e) − {e}, then, obviously, the face H e ∩ M is a fundamental chamber for an arithmetic reflection group in H e of dimension n − 1 with the same ground field. By induction hypothesis, it has bounded degree.
Thus, we can assume that there exists f ∈ P (M, e) − {e} such that f · e > 0. Let us consider the codimension two face H e ∩ H f ∩ M of M. Let us denote by P (M, e, f ) the set of all δ ∈ P (M) such that the hyperplane H δ intersects the codimension two subspace H e ∩H f (it is well-known that then H e ∩H f ∩H δ ∩M is the codimension 3 face of M if δ is different from e and f ). If H δ ⊥ H e ∩H f for any δ ∈ P (M, e, f )−{e, f }, then, obviously, the codimension 2 face H e ∩H f ∩M of M is a fundamental chamber of arithmetic reflection group of dimension n − 2 ≥ 2 with the same ground field. By induction hypothesis, it has bounded degree.
Thus, we can assume that there exists g ∈ P (M, e, f ) − {e, f } such that H g is not perpendicular to H e ∩ H f . This means that either g · e > 0 or g · f > 0. Thus, the Dynkin diagram of e, f, g is negative definite and connected.
Let us take a one-dimensional edge r in the face H e ∩ H f ∩ M of M which terminates in the hyperplane H g . Thus, one (of two vertices) of r is contained in H g , but another one is not contained (equivalently, the edge r is not contained in H g ). Such one-dimensional edge does exist, obviously.
Let P (r) be the set of all δ ∈ P (M) such that H δ contains at least one of two vertices of the one-dimensional edge r. Since r ⊂ H e ∩M, then P (r) ⊂ P (M, e), and P (r) then defines the edge polyhedron of minimality 14, since (2.1), according to the definition from (Sect. 2 of §2 in [5] ). This edge polyhedron defines the ground field K of the group G. The elements e, f, g ∈ P (r) have connected Dynkin diagram and their hyperplanes contain the same vertex of r, but the edge r is not contained in H g , by our construction. This shows that the hyperbolic connected component of the Gram (or Dynkin) diagram Γ(P (r)) of this edge polyhedron is different from each of diagrams Γ 1 , Γ 2 and Γ 3 of Theorem 2.3.1 from [5] . By the same Theorem 2.3.1 from [5] , then [K : Q] is bounded by the constant N (14) of this theorem.
This finishes the proof.
As we explained in Introduction, this completes the proof of the finiteness theorem for maximal arithmetic reflection groups in Lobachevsky spaces all together.
Theorem 2.2. The number of maximal arithmetic reflection groups in Lobachevsky spaces of dimensions n ≥ 2 all together is finite.
Their number is finite in each dimension n ≥ 4 (due to the author). They don't exist in dimensions n ≥ 30 (due toÈ.B. Vinberg). Their number is finite in the dimension n = 2 (D.D. Long, C. Maclachlan and A.W. Reid). Their number is finite in the dimension n = 3 (I. Agol).
